Abstract. We solve the problem of counting G-extensions of Fq((t)) for finite abelian groups G up to a conductor bound. We achieve the asymptotical growth as well as the constant.
Introduction
We are interested in counting abelian local function field extensions up to some conductor bound.
Much progress has been made in analyzing the asymptotic behavior of similar counting functions, typically weighting by discriminant as in [Wr] over global fields and over global function fields (see [ElVe] ). Both papers leave the gap when we count abelian p-extensions over global fields in characteristic p.
Over p-adic fields, there are only finitely many extensions of a given degree. However over local function fields of characteristic p, if p | G and G is abelian then either G is not a Galois group over F or the number of G-extensions tends to infinity, and we can ask for its asymptotic growth.
There is Serre's Mass Formula (see [Se1, Théorème 2] ) which gives a strong connection between all totally ramified extensions over a fixed local field with fixed degree, weighted by discriminant. There are papers counting global function fields by conductor and counting local fields by discriminant due to Lagemann ([La1] , [La2] ). For counting local function fields by conductor nothing has been published. In the number field situation Mäki [Mä] is counting by conductor.
Let F = F q ((t)) with q = p f . Given a finite abelian group G, we are interested in analyzing the function
where N (F(E F )) is the norm of the conductor. Every p-group can be constructed over local function fields, so the existence of a solution to the inverse Galois problem only depends on the p ′ -part of G which is the coprime to p-part of G, while the p-part of G determines the asymptotical growth: If G has order coprime to p then there are only finitely many extensions over F with Galois group G.
So we mainly focus on p-groups. We will prove the following theorem:
Theorem 1.1. Let G be a finite abelian p-group with exponent exp(G) = p e and
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Then there is a function
The function δ G shows an oscillation depending on the residue of n modulo exp(G). Hence in order to get a convergence result as
we need to restrict to an arithmetic progression modulo exp(G). Even in the easiest case G = C p of a cyclic group of order p we get for n = mp + y with 0 ≤ y < p:
hence we get an oscillation factor q (y−1) p depending on the residue class of n modulo p, see Example 4.4 for more details. Note that δ G (n) = 1 for n ≡ 1 mod exp(G).
Finally, we prove in Theorem 6.3 a lower bound for the distribution of abelian local function field extensions counted by discriminant.
Higher Unit Groups
Let F q be a finite field with q = p f elements and F = F q ((t)) be the Laurent series ring over
] be the local ring with prime ideal p = tO F . By the main theorem of local class field theory, we get a one-to-one correspondence of abelian extensions E F and open norm groups U ∶= N E F (E × ) in F × . The conductor c(U ) of U is the minimal natural number n such that 1 + p n ⊆ U . The conductor of the extension is [FeV, Theorem 6.2., p. 154] .
Let G be any finite abelian group of exponent N . Recall Hasse ([Ha, Ch. 15] ). We define
The quotients of X n correspond to all extensions with conductor exponent ≤ n and whose p-part of the Galois group has group exponent dividing N .
By class field theory the counting problem reduces to count the number of open subgroups U ≤ F × with quotient isomorphic to G. The conductor bound
So we can restrict to the subgroups of F × containing
which correspond to the subgroups of X n .
By dualisation, the number of subgroups with quotient isomorphic to G is exactly the number of subgroups of X n isomorphic to G. Thus we reduce our counting problem to count subgroups in certain finite abelian groups.
In establishing a desired formula, we first study higher unit groups, and consider formulas on subgroups of finite abelian groups depending on the p k -ranks of the groups.
Definition 2.2. Let G be a finite group and ℓ ∈ P. Then
If ℓ = p = char(F ), we use the shorthand notation
and moreover set
Note that p
] , the size of the p k -torsion group of G. Let now G be a finite abelian p-group. A sequence of elements (g 1 , . . . , g r ) is called a group-basis of G if each element g ∈ G has a unique representation
it is the number of blocks of G isomorphic to C p k .
] is generated by
Proof. (a) [Ha, Ch. 15, p. 217] .
Let i ≤ n and put α ∶= 1 + vt i ∈ ⟨1 + p⟩ ⟨1 + p n ⟩ with v ∈ F × q and k ∈ N. Then:
(c) This is (a) and (b) with
Follows directly from (c).
Monomorphisms and Automorphisms of finite abelian groups
Let G and A be finite abelian groups and let
a for a ∈ N} be the p-Sylow subgroup of G. We define
We start with the following reduction to p-groups, where G ′ p denotes the coprime to p part of G.
Proof. Monomorphisms need to preserve the order of elements.
Thus in this section we will assume for simplicity that G = G p is a finite abelian p-group. Definition 3.2. Let e, r ∈ N 0 . We set
We use the convention M p (e, r) = 0 = e r p whenever e < 0 or r < 0. Note that these two symbols are also 0, when e < r.
We state the following useful facts without proof.
), e ≥ r 0, e < r.
Theorem 3.4. For a finite abelian p-group G with exponent p e(G) we have
Proof. Speiser 1 proves in [Sp, Satz 114 ] the existence of a normal subgroup N 1 ≤ Aut(G) s.th.
We use induction on e(G): If e(G) = 1, then G p is trivial and N 1 = Aut(G) has the right number as claimed. Let e(G) > 1. We use
By induction we have
Theorem 3.5. Let A and G be finite abelian p-groups. Then the number of sub-
Proof see [Bu, Thm 1.4 .1].
We rewrite the formula in Theorem 3.5 for our purposes:
Lemma 3.6. Let A and G be finite abelian p-groups.
Proof.
We want to apply these formulas to the norm groups whose p k -ranks involve ceiling operations. Therefore we need the following lemma:
On the other hand
Hence by (1) minus (2) we get:
Remark 3.8.
Proof. Fix k ∈ N and let 0 ≤ n ≤ p k − 1. The function
is then maximized by
It is minimized by
Proof of Theorem 1.1
In this section we would like to prove Theorem 1.1. The following theorem gives some more details. 
Then there is a function
Proof. (a) For the p k -ranks of X n , we have by Lemma 2.3:
where
We have δ(n, k) = δ(y, k) and thus δ G (n) = δ G (y). Finally by Remark 3.8 we get
Hence by part (a) we finally get
Corollary 4.2 (Yet another formula). We have
In particular,
Example 4.4. We consider the oscillation in the simplest example G = C p , n ∈ N and F = F q ((t)) with q = p f as usual. Let n ≡ y mod p. Then
We see that δ G (y) = 1 for y = 1 and δ G (y) takes values between q −1 p , . . . , q (p−2) p .
Arbitrary finite abelian groups
We now consider an arbitrary abelian group G and fix a prime number ℓ ∈ P with p ≠ ℓ. We denote by G ℓ the ℓ-Sylow subgroup of G.
The task is to count the number of open subgroups U ≤ F × such that
Then the extension given by U is at most tamely ramified, so the conductor exponent is ≤ 1 and as such 1 + p ≤ U . Hence we can consider G ℓ as a quotient of Z × F × q ≅ Z × C q−1 . Obviously, the only possible quotients isomorphic to ℓ-groups are groups of the form
where ℓ b (q − 1). In the following remark we only consider situations, where G is a subgroup of A and we assume that the exponent of A equals the exponent of G.
Remark 5.1.
(a) If a = b, then we get G = A and therefore
Hence these values are only interesting for k = a and k = b.
and the assertion follows.
Theorem 5.2. Let G be a finite abelian group and F = F q ((t)) with q = p f .
(a) Then G is realizable as a Galois group over F if and only if
(c) If G is realizable then for all n ≥ 1 we have
Proof. We use Lemma 3.1:
For the last equation we use that ℓ ≠ p and the fact that X n X 1 is a p-group. If G is realizable we get for ℓ ≠ p that G ℓ is a quotient of X 1 = Z × Z (q − 1)Z and therefore G q−1 ℓ has to be cyclic. Note that for ℓ ∤ p(q − 1) we get by Remark 5.1 that α G ℓ (X 1 ) = 1 if G ℓ is cyclic. It remains to show the estimate in (b). We have
Note that the last estimate can be easily improved.
Application to count by discriminants
The asymptotical behavior weighted by conductor gives interesting insights to the counting problem weighted by discriminant. Let G be a finite abelian p-group and
be the counting function of local function field extensions with Galois group G and bounded discriminant. Let
In Theorem 6.3 we prove a lower bound of the form
where γ(F, G) > 0 is a constant only depending on F and G. In [La1, Satz 2.1] it is proven that the upper bound has the same shape. The proof itself is basically contained in [La2, Ch. 2] . We use the local version of the conductor-discriminant theorem.
Theorem 6.1. Let K ′ K be a finite abelian extension of local fields, then
where the procduct is taken over all characters χ of Gal(K ′ K). For a proof, see [Iw, Thm. 7.15.] .
In preparation, we need a result on characters of X n .
Lemma 6.2. Let G be a finite abelian group and U ≤ G a subgroup. Then there are G U characters of G with U ≤ Ker(χ).
Proof. For each character χ H on H exist precisely G H many characters of G restricting to χ H (see [Se2, Ch. 7] ). Apply this to the trivial character on H to obtain the result.
Theorem 6.3. Let F = F q ((t)) be a local function field and G be a finite abelian p-group.
(a) Let E F be a normal extension with Galois group G and conductor f = f(E F ) with N (f) = q n . Then
(b) There exists a constant γ(F, G) > 0 such that
Proof. Let n be the conductor exponent and U be the norm group of E × . Defining G = F × U , we have
] ≤ Ker(χ)}, k = 1, . . . , e(G).
By Lemma 2.3(c), we have c(f(χ)) ≤ ⌈n p
⌉ for all χ ∈ M k .
By Lemma 6.2 we have M k = G G[p
Moreover, 
